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Abstract
Objective. The delineation of the clinical target volume (CTV) in radiotherapy is fundament-
ally uncertain due to the invisibility of microscopic disease on medical images. The ICRU 83
report acknowledges this by proposing a probabilistic interpretation of the CTV, but it does not
define how to compute the probability of microscopic tumor presence (MTP) in tissue. This work
addresses this gap by introducing a novel stochastic model that estimates the probability of MTP
at the voxel level based on local spatial correlations in the voxels’ neighborhood. Approach.We
developed two first-principles stochastic models to simulate MTP under different assumptions,
incorporating spatial correlation between neighboring voxels. The constant marginal probability
(CMP) model assumes spatially uniform MTP and is suited for tumors without radial dependence
on the distance from the gross tumor volume (GTV). The variable marginal probability (VMP)
model introduces radial dependence, modeling decreasing MTP with distance from the GTV. The
CMP model was evaluated on prostate cancer data, while the VMP model was assessed using breast
and lung cancer data. Results. Both models accurately reproduced the fraction of times that MTP
is present. In the prostate case, the CMP model estimated a marginal probability of MTP of 0.03,
consistent with a literature report that indicates an average total microscopic tumor volume of
approximately 583mm3 across patients. The VMP model successfully replicated the radial distri-
bution of tumor islets, achieving mean absolute errors of 0.01mm and 0.011mm for breast and
lung cancer distance distributions, respectively. However, not all MTP characteristics could be fully
captured by the models, and in some cases discrepancies with population based tumor character-
istics remain. Significance. This work introduces a statistically consistent framework that enables a
probabilistic definition of the CTV. The proposed models provide a new way to capture key aspects
of microscopic disease spread by introducing local voxel correlations.

1. Introduction

Accurate delineation of the clinical target volume (CTV) is a critical step in radiation therapy, directly
influencing treatment outcomes (Sanford et al 2019, Fiorino et al 2020, Unkelbach et al 2020). CTV
delineation is very challenging, largely due to the big uncertainties inherent in identifying microscopic
disease spread (Weiss and Hess 2003, Njeh 2008, Vinod et al 2016). Despite advancements in imaging,
inconsistencies in CTV contouring remain a persistent issue, especially in complex cases where inter-
observer variability can reach up to one centimeter or more (Vinod et al 2016). This uncertainty, often

© 2026 The Author(s). Published on behalf of Institute of Physics and Engineering inMedicine by IOP Publishing Ltd

https://doi.org/10.1088/1361-6560/ae2aa1
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6560/ae2aa1&domain=pdf&date_stamp=2026-1-7
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0001-0738-7485
https://orcid.org/0000-0003-1516-537X
https://orcid.org/0000-0002-2688-5949
https://orcid.org/0000-0003-1700-7519
https://orcid.org/0000-0002-1254-9530
https://orcid.org/0000-0002-2192-2931
https://orcid.org/0000-0002-3883-0398
mailto:Luciano.Rivetti@fmf.uni-lj.si


Phys. Med. Biol. 71 (2026) 015031 L Rivetti et al

an order of magnitude greater than the millimeter-level precision achieved in dose delivery, underscores
a fundamental limitation within current CTV practices.

To address the inherent variability of manual CTV delineation, a probability-based definition of the
CTV driven by clinical data is desirable. The ICRU 83 report introduced the concept of probabilities in
the CTV definition, stating: ‘The CTV is a volume of tissue that contains a demonstrable gross tumor
volume (GTV) and/or subclinical malignant disease with a certain probability of occurrence [i.e. presence]
considered relevant for therapy.’ It further specifies that ‘typically, a probability of occult disease higher
than 5% to 10% is assumed to require treatment’ (International Commission on Radiation Units and
Measurements 2010). However, this definition raises key questions: How should the ‘probability of sub-
clinical malignant disease occurrence’ or ‘probability of occult disease’ in a tissue be statistically defined?
On what clinical evidence should these probabilities be based? And how can probabilities assigned to
tissues be translated into discretized grids used in treatment planning for dose calculation and optimiza-
tion?

For instance, consider modeling a tissue as a collection of voxels, where we assume that the prob-
ability of a tumor cell being present in each voxel is known. In this scenario, the probability of finding
at least one tumor cell in a larger region, composed of multiple voxels, will likely increase with the size
of that region. However, this is true if and only if the probabilities of finding tumor cells in the voxels
do not directly influence each other. Consider the opposite scenario where the tumor cells found in the
voxels within the same region are known to be perfectly influenced by each other-if one voxel contains
tumor, then all the others in the region do as well, and vice versa. In this case, the probability of finding
a tumor cell in the entire region remains constant, regardless of its size. This simple example underscores
the critical role of the assumed level of influence that voxels have on each other in determining whether
the larger region composed of those voxels should be targeted for treatment, as outlined in the ICRU
report. We refer to this problem as ‘voxel correlation’. It emphasizes the need for a deeper understanding
of these definitions, the influence of voxel correlations, and the development of models that accurately
reflect clinical data.

The first studies that introduce explicit representations of probabilities into radiation target volumes
were presented by authors that aim to create a fully probabilistic definition of the CTV, the so-called
clinical target map (CTM). In the CTM, each voxel outside of the GTV is assigned a probability of
microscopic tumor presence (MTP) which describes the probability of finding at least one microscopic
tumor cell (Shusharina et al 2018, Buti et al 2021). This MTP probability arises from introducing a bin-
ary random variable of MTP to a voxel which takes a positive state if the voxel contains tumor and a
zero state otherwise. The MTP probabilities used for the CTM are subsequently obtained as the expec-
ted value of the MTP random variable calculated in each voxel. This definition of tumor probability
addresses one of the ambiguities in the original ICRU definition; the CTM probabilities are marginal
probabilities, meaning it expresses the probability of MTP in a voxel, without considering the state of
MTP in any other voxel.

For example, the MTP model used in Shusharina et al states that the state of MTP in one voxel
is independent of the state of MTP in any other voxel. While this model is statistically interpretable
and computationally simple, it has notable limitations (Shusharina et al 2018). First, the independ-
ence assumption does not fit well with microscopic tumor patterns reported in the literature, such
as Zamboglou et al (2020), van Houdt et al (2020), where it is observed that MTP often manifests as
clusters or ‘islets’ of millimeter size around the GTV. This suggests that the presence of tumor in one
location conditions the probability of tumor in its neighborhood.

A different MTP model, referred to as contiguous circumferential growth model, was proposed by
(Bortfeld et al 2021, Buti et al 2021). Here it was assumed that the state of MTP in a voxel fully determ-
ines the state of MTP of all voxels at a distance less than or equal to that voxel. This model was inspired
by the way CTV is defined in clinical guidelines; i.e. the CTV margin includes a percentage of maximum
distances of MTP identified on pre-treated histopathological specimens for a disease site (Moghaddasi
et al 2012, Grégoire et al 2018). Buti et al modeled the radial dependence of MTP using the maximum
microscopic tumor distance probability density function (PDF) reported in histopathologic studies such
as Meng et al (2012). While this model has practical appeal, it cannot reproduce aforementioned micro-
scopic tumor islets observed and therefore overestimates the marginal probability of MTP in a sub-
volume. Overestimating MTP probabilities could lead to overly conservative radiotherapy treatment plans
that potentially over-dose healthy tissue.
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In this study, we present a stochastic model for MTP that quantifies the dependence of MTP in a
voxel on its local neighborhood. This dependency is introduced through the use of a statistically well-
known concept, the correlation factor, which imposes discrete rules akin to those in the design of a cel-
lular automaton (Bhattacharjee et al 2020). It will be demonstrated that the correlation parameter reg-
ulates the number and size of microscopic tumor islets appearing outside of the GTV. The model para-
meters are calibrated using MTP characteristics extracted from histo-pathological findings reported for a
population of patients of three specific cancer types: prostate, breast, and lung. The model is evaluated
based on its ability to replicate observed microscopic tumor features, thereby providing insights into its
potential applicability for clinical use in radiotherapy planning.

2. Material andmethods

In this section, we first introduce the terminology and general statistical framework used to model
tumor probabilities throughout this study. Second, we show that existing statistical models, i.e. the inde-
pendent model first proposed by Shusharina et al and the contiguous circumferential growth model pro-
posed by Bortfeld et al (2021), Buti et al (2021), fail to reproduce the observed clinical data. Third, we
propose two new models based on first principles that allow the generation of more realistic patterns.
Fourth, we describe the literature data we used to fit our models. Fifth, we describe the simulations we
made and the metrics we evaluated.

2.1. Terminology
We follow the terminology introduced by the ICRU by referring to any malignant disease outside of the
GTV as MTP. We apply this term irrespective of the fact that the disease extended from the GTV or ori-
ginated at a specific location. MTP implies that at least one tumor cell is present at that specific loca-
tion, whereas no MTP means that that location is tumor-free.

2.2. General statistical framework
Consider a 3D grid with N voxels. Each voxel i ∈ {1, . . . ,N} is associated with a binary random variable
Ci, where Ci = 1 indicates the presence of MTP, and Ci = 0 indicates its absence. We use lowercase ci
to denote a specific realization (observed value) of the random variable Ci. The marginal probability of
MTP in voxel i is denoted pi, and corresponds to the expected value of the random variable: E[Ci] = pi.

For the sake of simplicity, we will refer to the state or probability of the MTP random variable in
voxel i simply as the state or probability of voxel i. We assume that the probability of all voxels in the
GTV is equal to 1, pi = 1 ∀i ∈ GTV. Once the states of all voxels in the grid have been assigned, we can
visualize the combined GTV and MTP regions as a single realization, referred to as the tumor configur-
ation. The probability of observing a specific tumor configuration is given by the corresponding joint
probability over the entire grid. This joint probability quantifies the likelihood of the system as a whole
adopting a particular configuration, rather than considering voxel states independently.

2.3. Limitations of the current models
The independent model of Shusharina et al assumes that there is no correlation between the states of any
two voxels Ci and Cj, i ̸= j (Shusharina et al 2018). Therefore, tumor configurations can be generated
from this model by randomly sampling the state of each voxel i of the grid independently with probabil-
ity pi. Simulations in a circular geometry, assuming a constant marginal probability throughout the pro-
state, show that a ‘poppy seed’ pattern of MTP is generated (figures 1(b)–(d)). This pattern differs from
the characteristic islet formations of MTP observed in histopathologic images (figure 1(a)) (Zamboglou
et al 2020, van Houdt et al 2020).

The contiguous circumferential growth model from Buti and Bortfeld et al imposes a direct cor-
relation among the voxels. Specifically, if the state of a voxel at distance d from the GTV is randomly
assigned as MTP, then all voxels within a distance smaller or equal to d are also classified as MTP.
Figures 1(e)–(g) show that tumor configurations produce an ‘onion’ pattern with the MTP appearing
as being thick, isotropic expansions of the GTV surface, thereby failing to capture the islet formations.

It is evident that these two models represent extreme cases with rigid assumptions: either complete
voxel independence or full correlation. We propose that a more realistic model can be achieved by intro-
ducing a parameter to model the degree of voxel correlation, bridging the gap between these extremes
and better reflecting observed MTP patterns.
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Figure 1. Histopathology and simulation of MTP. The green contours (or circle) indicates the GTV, the red contours/structures
represent MRI-invisible tumor lesions (i.e. MTP in our framework), and the blue contours depict an anatomical barrier imper-
meable to tumor cells, such as the prostate wall. (a) Real histopathology slice from a prostate cancer patient, van Houdt et al
(2020) John Wiley & Sons. © 2019 International Society for Magnetic Resonance in Medicine. (b)–(d) 2D simulations generated
using the independent model proposed by Shusharina et al (2018), assuming a constant marginal probability throughout the pro-
state (2 shell model), with a circular GTV. Each dot represents a voxel. (e)–(g) 2D simulations performed using the contiguous
circumferential growth model proposed by Buti et al (2021), also with a circular GTV.

2.4. Nearest neighbor (NN) correlation with constant marginal probability of MTP
Our approach differs from the existing methods by introducing pairwise correlations between voxels and
by keeping the marginal probability in every voxel within a specified volume the same, here denoted as
p. Similar to the design of a cellular automaton, fixed rules are defined that determine the state of each
voxel based on the voxels in its neighborhood. The algorithm begins by selecting a random voxel i= 1
from the grid and sampling its state c1 ∼ Bernoulli(p). Then, the states of its NN voxels are sequentially
sampled according to a predefined visiting order. The state ci of a newly visited voxel i is determined in
one of two ways:

1. with probability q, its state is copied from a randomly selected previously visited NN k ∈ vNNi , i.e.
ci = ck, where vNNi = {k | k was visited before i};

2. with probability 1− q, a new value is sampled independently: ci ∼ Bernoulli(p).

This process ensures that the state of each newly visited voxel i is partially inherited from its visited
NNs.

The visiting algorithm follows a structured traversal pattern to systematically explore the voxel grid.
The process starts with a randomly selected voxel, after which its NN voxels are visited in a cross-like
pattern, moving sequentially up, left, down, and right (figure 2(b)–(e)). Once all first-order NNs of the
initial voxel have been visited, the algorithm continues with the NNs of the next visited voxel, ensuring
that no voxel is revisited (figure 2(f)–(h)). This structured approach is iteratively applied until all voxels
in the grid have been assigned a state.

Following these rules, the conditional probability of Ci given its visited NNs can be written as:

P
(
Ci = 0

∣∣ {Ck = ck}k∈vNNi

)
= q

1− 1

n

∑
k∈vNNi

ck

+(1− q) (1− p) , n=
∣∣vNNi

∣∣. (1)

Using the conditional and marginal probabilities defined above, we can calculate the joint probability
of a given state using Bayes’ theorem:

P
(
Ci,{Ck}k∈vNNi

)
= P

(
Ci | {Ck}k∈vNNi

)
P
(
{Ck}k∈vNNi

)
. (2)

Thus, the probability of the configuration b) in figure 2 is equal to p(q+(1− q)p). With this
algorithm, if we assign E[C0] = p to the first voxel, it is easy to show that

E [Ci] = E [Ck] = p ∀ i,k, (3)

4
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Figure 2. Illustration of the sampling algorithm in a 2D grid. The red squares indicate the last visited voxel at each step and the
blue squares shows their NN. (a) The algorithm begins by randomly selecting a voxel in the grid (C1) and sampling its state with
probability p. (b)–(e) Then, all the NN of the first sampled voxel are visited incorporating correlation effects for each neighboring
voxel. (f)–(h) Once all NN of C1 are visited, the algorithm proceeds by sampling voxels adjacent to the second visited voxel (C2)
without revisiting voxels.

as intended. This result holds for any value of the correlation coefficient q, highlighting that p and q are
independent parameters of the model..

The statistical interpretation of q can be clarified by evaluating the Pearson correlation coefficient ρ
between a random variable Ci and its NN Ck on a 1D grid. The correlation coefficient ρ is given by:

ρCi,Ck =
COVCi,Ck

σCiσCk

=
E [CiCk]−E [Ci]E [Ck]

σCiσCk

. (4)

Since the expected values of Ci and Ck are equal to p, and we are dealing with binary random variables,
the standard deviations are σCi = σCk =

√
p− p2. Because in a 1D grid there is only one NN, we have

E[CiCk] = qp+(1− q)p2. This yields

ρ=
qp+(1− q)p2 − p2

p− p2
= q. (5)

Therefore, in the case where the marginal probability is the same in the whole grid, the design para-
meter q corresponds to the Pearson correlation coefficient ρ between two voxels in a 1D grid. However,
in higher-dimensional grids (2D or 3D), the Pearson correlation coefficient is given by ρ=

∑∞
n=1 anq

2n−1

where the coefficients an satisfy
∑∞

n=1 an = 1 (appendix A). The values of n and an depend on the
dimension and size of the grid.

An important question is the probability of finding no tumor cells in a group of voxels. We can
calculate the probability of having no tumor cells in an entire grid with N voxels using equations (1)
and (2) as:

P(C0 = 0, . . . ,CN = 0) = P0 (p,q,N) = (1− p)(q+(1− q)(1− p))N−1
. (6)

However, this result is specific to the entire grid and cannot be directly applied to subsets of voxels.
In subsets, it is not guaranteed that every voxel has a NN within the subset, which could affect the
calculation.

Additionally, P0 can be interpreted as the fraction of patients who do not exhibit MTP. To correctly
reproduce P0, the parameters p and q must satisfy equation (6). Since q ∈ [0,1], this relationship con-
strains the admissible range of the marginal probability p: its maximum value, 1− P0, occurs when

q= 1, while its minimum value, 1− P1/N0 , occurs when q= 0.
Interpreting how p varies with changes in P0, q, or N is challenging based on equation (6), especially

since N appears as an exponent in the equation. To provide a clearer understanding of equation (6),
we approximated this equation using Taylor series, assuming a large number of voxels in the grid
(appendix B). By discarding the quadratic and higher-order terms, we simplify equation (6) to:

P0
1− p

≈ e−N(1−q)p = e−
p

T(q,N) (7)

5
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Figure 3. Normalized marginal probability versus transition factor T(q,N) calculated for N= 75735 at different P0. The probab-

ility p was normalized such that pnorm = p−pmin

pmax−pmin
, where pmin = 1− P

1/N
0 and pmax = 1− P0. The plot illustrates how the system

transitions from the correlated state to the uncorrelated state, with different colors representing transitions for various values of
P0. The minimum marginal probability is achieved when the system is uncorrelated (T→ 0 or q= 0), while the maximum occurs
when the system is fully correlated (T→∞ or q= 1). The x-axis is displayed in logarithmic scale.

where T(q,N) = 1
N(1−q) . Equation (7) shows that the marginal probability of the voxels p only depends

on P0 and T(q,N). Figure 3 shows the relationship between p and T(q,N) for different values of P0 and
using a fixed N= 75735. This value corresponds to the number of voxels in the sampling space of the
prostate patient that we will describe in the evaluation subsection. We observe that T(q,N) serves as a
‘transition factor’ between two tumor configuration states, fully correlated and uncorrelated. As we will
later show, when T→∞, the tumor configuration exhibits clustering, meaning the voxel states become
more correlated. In contrast, when T= 1

N ≈ 0, the tumor configuration generates isolated islets, where
voxel states are essentially uncorrelated. From figure 3, P0 can be interpreted as influencing the slope of
the transition between different tumor configurations. The definition of T(q,N) ensures that our model
remains resolution-independent: for a given N, we can adjust q to achieve a desired value of T, thereby
making the model adaptable to different grid resolutions.

Not only p is bounded in this model but also the number of unconnected components or tumor
islets. If we consider the case when T≈ 0, the voxels are uncorrelated and the number of unconnected
components islets are maximal. Then, because in this regime p≈ 1− P1/N0 ≈ 0, we can assume that the
probability of having two tumor voxels connected is low and the maximum average number of tumor
islets can be calculated as Np. Using equation (7) we can write:

Np≈ ln

(
1

P0

)
. (8)

Conversely, in the opposite limit when T→∞, the voxels become fully correlated. In this regime
the system can only generate two possible outcomes: either the entire admissible volume is tumor, or no
tumor is present at all. Since the probability of no tumor is P0, the complementary probability of having
tumor is 1− P0. In this case, at most a single connected islet can be formed with probability 1− P0, and
therefore

E [#islets] = N̄I = 1 · (1− P0) = 1− P0.

This expression defines the lower bound for the expected number of islets.

2.5. NN correlation with variable marginal probability (VMP) of MTP
Several studies have shown that in certain tumors, the MTP decreases as the distance from the GTV bor-
der increases (Schmitz et al 2010, Campbell et al 2012, van Loon et al 2012, Fleury et al 2014, Stroom
et al 2014). Our previous model cannot capture this behavior, as it assumes constant marginal probab-
ilities across voxels. To address this limitation and incorporate radial dependence, we introduce variable
marginal probabilities.

The visiting voxel strategy in this model is the same as the one described in the previous section.
However, the main differences between the models is how we calculate the posterior probability of a new
voxel given its visited NN states. Because in this model the two NN voxels can have different marginal

6
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Figure 4. Variable marginal probability model representation. (a) Shows that the marginal probabilities in this model are higher
closer to the GTV. (b) Shows the shell representation used in Shusharina et al for 2D or 3D simulations. The second shell is out-
lined in blue and the third shell in cyan; the yellow region between them corresponds to the second layer. This model assumes
that all the voxels in the same layer have the same marginal probability.

probabilities we should contemplate this case in the equations. To clarify this point, lets first consider a
1D grid (figure 4(a)).

Inspired by the model proposed in our previous work (Bortfeld et al 2021, Buti et al 2021, 2023), we
adopted the no-tunneling assumption, which requires that in the fully correlated case, tumor configura-
tions form continuous regions-i.e. isolated tumor islets do not appear.

Let Ci and Ck be two neighboring voxels such that pi ⩾ pk. Under the non-tunneling assumption, the
following conditional probabilities must hold:

P(Ck = 1 | Ci = 0) = (1− q)pk

P(Ci = 1 | Ck = 1) = q+(1− q)pi.
(9)

These expressions enforce spatial continuity when q= 1. Specifically, if voxel i is in the tumor state,
then all voxels from i up to the GTV boundary must also be in the tumor state. This is ensured when:
P(Ci = 1 | Ck = 1) = 1. Conversely, if voxel i is non-tumor, all subsequent voxels up to the outer bound-
ary N must also be non-tumor. This is captured by the condition: P(Ck = 1 | Ci = 0) = 0.

To ensure consistency with the prescribed marginal probabilities E[Ci] = pi and E[Ck] = pk, two addi-
tional conditions must be satisfied:

P(Ck = 1 | Ci = 1) =
pk
pi
q+(1− q)pk

P(Ci = 1 | Ck = 0) =
pi − pk
1− pk

q+(1− q)pi.
(10)

These expressions ensure that the model reproduces the correct marginal expectations. For the math-
ematical derivation look at appendix C. Note that, when pi = pk, the previous equations simplifies to
equation (1), recovering the constant marginal probability model described in the previous section.

To extend this model to 2D and 3D, we adopted the shell representation proposed by Shusharina
et al (2018). In this framework, the CTM is modeled using a finite set of iso-probability surfaces, called
shells, each associated with a probability value (figure 4(b)). This probability represents the likelihood
that the MTP extends beyond the corresponding shell within a given patient population. The innermost
shell coincides with the GTV contour, while the outermost shell delineates the region beyond which
tumor presence is considered negligible. The region between two adjacent shells is defined as a layer.
This model also assumes that all voxels within the same layer share the same marginal probability.

The state of a new voxel Ci can be computed by considering the states of its visited NNs (vNNi )
along with their marginal probabilities. Assume voxel i has n visited neighbors, where the first l neigh-
bors satisfy pk ⩾ pi for all k ∈ {1,2, . . . , l}, and the remaining n− l neighbors satisfy pk < pi for all

7
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k ∈ {l+ 1, . . . ,n}. Then, using equations (9) and (10), we can express the conditional probability of voxel
i being in state 1, given the neighboring realizations {ck}k∈vNNi , as:

P
(
Ci = 1 | {Ck = ck}k∈vNNi

)
=

q

n

(
l∑

k=1

pi
pk

ck +
n∑

k=l+1

[
ck +(1− ck)

pi − pk
1− pk

])
+(1− q)pi, n= |vNNi | .

(11)
In this model, we define N ′ marginal probabilities, denoted as (p1,p2, . . . ,pN ′), where N ′ represents

the number of distinct voxel classes given by the number of layers. To fully determine these N ′ + 1 para-
meters, we require a corresponding set of N ′ + 1 independent equations.

Empirical studies have reported the probability of finding MTP beyond a given distance r from the
nearest point on the GTV, denoted here as w(r) (see section 2.6 for more details) (Schmitz et al 2010,
van Loon et al 2012, Stroom et al 2014) . We used these empirical constraints to estimate the marginal
probabilities as follows:

1−µi (q,p1, . . . ,pN ′) = w(ri) , ∀i ∈ {1, . . . ,N} , (12)

where ri is the distance to the i-th shell and µi(q,p1, . . . ,pN ′) is the probability of finding no tumor in
all the voxels outside the i-th shell. Note that equation (12) must hold for any selected value of q in the
model.

However, obtaining an analytical expression for µi(q,p1, . . . ,pN ′) is generally intractable. Therefore,
we estimate this value using Monte Carlo simulations. Specifically, we approximate µi(q,p1, . . . ,pN ′) as
the fraction of realizations that do not contain tumor voxels beyond the i-th shell. Given a fixed value of
q, we can determine the optimal values {p̂1, . . . , p̂N ′} by solving the following optimization problem:

{p̂1, . . . , p̂N ′}= argmin{p1,...,pN ′}

N∑
i=1

(1−µi (q,p1, . . . ,pN ′)−w(ri))
2
. (13)

2.6. Data
Population-based clinical data from the literature were used to fit the parameters of the proposed mod-
els for three different cancer types: prostate, breast, and lung. These datasets provide information on
microscopic disease patterns, enabling a quantitative evaluation of the model’s flexibility in capturing
real-world tumor behavior. For each cancer type, relevant studies reporting histopathological findings
were selected to extract parameters such as the probability of MTP presence, average islet volume, and
MTP radial dependence. The data are summarized in table 1. Definitions of all model parameters and
metrics used in this study are provided in table 2.

Prostate data
Clinical data for prostate cancer were obtained from the article written by Bajgira et al encompassing
518 patients who underwent multiparametric MRI followed by histological examination post-resection
(Mohammadian Bajgiran et al 2019). The study found that 76% of patients had multifocal microscopic
islets detectable only through histopathology (not in MRI), corresponding to P0 = 0.24. The average
number of islets N̄I considering the 518 patients was 0.87 per patient. The reported average islet radius
was 7.82 ± 5.74mm. Assuming a truncated Gaussian distribution for the radius and spherical islet
shape, the estimated average islet volume (V̄I) was 513mm3, with the 5th and 95th percentiles at 1mm3

and 2024mm3, respectively. The average total microscopic tumor volume (V̄T) was estimated by mul-
tiplying V̄I by the average number of islets considering the patients which presented MTP. This resul-
ted in an V̄T equal to 583 mm3, with the 5th and 95th percentiles at 1mm3 and 2300mm3. A detailed
description of how these data and calculations were obtained is provided in appendix D.

Breast data
Breast cancer data were sourced from the publication by Stroom et al where 60 patients underwent
contrast-enhanced MRI followed by histopathological examination (Stroom et al 2014). The study repor-
ted that 72% of patients had multifocal islets detectable only through histopathology (P0 = 0.28). Among
those patients with islets, the reported average number of islets was 4.2. When averaged over the entire
cohort of 60 patients, including those without islets, this corresponds to an average number of islets of
approximately 3 per patient. The mean islet radius was 2.1 mm, and assuming spherical islets, V̄I can be
approximated to 39mm3. Similarly V̄T can be approximated to 162mm3. Additionally, the authors ana-
lyzed the spatial distribution of islets relative to the GTV, reporting that it follows a normal distribution
with a mean of zero and a variance of 7 mm2.
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Table 1. Summary of microscopic tumor parameters for prostate, breast, and lung cancers. P0: proportion of patients with MTP; N̄I:
average number of islets per patient; V̄I: average islet volume per patient; V̄T: average total microscopic tumor volume among patients
with MTP; w(r): indicates whether data on the cumulative probability distribution of detecting MTP outside a given distance from the
GTV are available in the dataset (Yes/No).

Cancer type P0 N̄I V̄I (mm3) V̄T (mm3) w(r)

Prostate 0.24 0.87 513 583 No
Breast 0.28 3 39 162 Yes
Lung 0.50 2.47 18 85 Yes

Table 2. Summary of model parameters and metrics used in this study.

Parameter/Metric Description

q Correlation factor representing the probability of copying a neighboring state
p Marginal probability of a voxel
T Transition factor controlling the change between MTP states
P0 Proportion of patients without MTP
w(r) Cumulative probability of finding MTP beyond distance r
N̄I Mean number of MTP islets per patient
V̄I Mean volume of MTP islets per patient (mm3)
V̄T Mean total MTP volume per patient (mm3)

Figure 5. Probability of finding MTP beyond a given distance r from the nearest point on the GTV denoted as w(r). The blue
points represent the data extracted from Schmitz et al (2010) for a breast cancer population and the line shows the best fit.
The orange points represent the data extracted from van Loon et al (2012) for a lung cancer population and the line shows the
best fit.

Additionally, a related study (Schmitz et al 2010) provided probability data for detecting MTP bey-
ond a given distance r from the closest point on the GTV, denoted as w(r). Note that w(0) = 1− P0 and
in this case this value was 0.72 (figure 5). Since the study does not report the distribution of MTP in
relation to polar coordinates, we assume an isotropic MTP distribution.

Lung Data
The lung cancer data were obtained from the publication written by Stroom et al comprising 34 patients
who underwent CT imaging followed by histopathological analysis post-resection (Stroom et al 2014).
Multifocal islets, detectable only through histopathology, were identified in 50% of cases. The repor-
ted N̄I calculated over the entire cohort of 34 patients was 2.47. The mean islet radius was reported
as 1.6 mm, and assuming spherical islets, the estimated V̄I was 18 mm3 and V̄T was estimated to be
85mm3. Additionally, the authors analyzed the spatial distribution of islets relative to the GTV, report-
ing that it follows a normal distribution with a mean of zero and a variance of 10 mm2.

A related study (van Loon et al 2012) provided w(r), with w(0) = 1− P0 = 0.5 (figure 5). Since the
MTP distribution data in polar coordinates were not reported, an isotropic distribution was assumed.
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2.7. Simulation design
Several simulations were ran on patient-specific anatomical data to study the properties of the models
developed in this work and to find the optimal parameters that fit the literature data.

Prostate Simulations
The prostate simulation was conducted using the constant marginal probability model described in
section 2.4. This model was chosen because, outside the GTV, it assumes that the marginal probability
of MTP is uniform throughout the prostate tissue, meaning that it does not vary with distance from the
visible lesion. This assumption was adopted because to the best of our knowledge there is no evidence in
the literature suggesting a spatial correlation between invisible lesions and the GTV. Additionally, in clin-
ical practice, the entire prostate is typically included within the CTV and irradiated uniformly outside
the visible lesion. This widespread treatment approach further supports the notion that there is limited
information on the spatial correlation between the GTV and MTP.

The simulations were performed on the anatomy of the third patient from the publicly available QIN
PROSTATE dataset, which includes physician-delineated contours of the GTV and prostate (Fedorov et al
2016). The simulation space was resampled to a 1 mm resolution and defined as the volume outside the
GTV but within the prostate (figure 8(a)).

The study was conducted by generating 5000 simulations for each value of T(q,N), which was var-
ied from 1× 10−4 to 1× 103, while grid resolutions were adjusted between 0.5mm and 2mm. The
parameter P0 was fixed to match the proportion of patients without MTP reported on Mohammadian
Bajgiran et al (2019). From these simulations, N̄I, V̄I and V̄T were computed. Each islet was defined as
the independent components of the simulated MTP. Additionally, the distribution of islet volumes for
different T values was analyzed, and the 3D MTP marginal probability, along with different MTP realiz-
ations, were visually examined.

Breast and lung simulations
The breast and lung simulations were performed using the VMP model described in section 2.5. The
breast simulations were based on the anatomy of the fifth patient from the advanced-MRI-breast-lesions
dataset, which contains physician-delineated contours of the GTV (Daniels et al 2024). The lung simu-
lations were conducted using the anatomy of the first patient from the NSCLC-radiomics dataset, which
includes physician-delineated contours of the GTV and lungs (Aerts et al 2014).

For both cancer types, the simulation space was resampled to a 2mm resolution grid and defined as
the volume outside the GTV, extending up to the distance where the probability of detecting MTP falls
below 1%, while accounting for anatomical barriers (figures 11(a) and 12(a)).

The sampling space for both cancer types was discretized into 12 layers that were equally spaced con-
sidering w(r). The distance di to i-th shell is equal to di = w−1(w1(13− i)/12)), where w1 = 1− P0 is the
probability of finding MTP outside the GTV. The parameter space was explored for different values of q
ranging from 0 to 1. The parameters p1, . . . ,p12 were determined such that 1−µi(q,p1, . . . ,p12) = wi for
each value of q. This was achieved by solving the optimization problem defined in equation (13) using
Bayesian optimization as implemented in the scikit-optimize library (Head et al 2020). At each step
of the optimization, 10 000 simulations were conducted to approximate µi.

Using the optimal model parameters, we evaluated N̄I, V̄I, and V̄T. Additionally, we analyzed the
radial distribution of the simulated islets relative to the GTV boundary. A visual assessment of the CTM,
the isoprobability shell 0.05 derived from the simulations, and representative MTP realizations was also
performed.

2.8. Implementation
The constant and VMP models were implemented in Python. Simulations of the MTP were acceler-
ated using parallel computing techniques to handle the high computational load. In particular, we
used CUDA library to distribute independent simulations across available GPU, significantly reducing
runtime6.

3. Results

In this section, we investigate the behavior of the model under different parameter settings. We first
explore how the model responds to changes in key parameters, analyzing its statistical properties and

6 The source code related to this project is available at https://github.com/RivettiLuciano/MicroTumorModel.
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Figure 6. Average number of islets per patient (N̄I) for different grid resolutions and values of T(q,N). The scatter plot, with
different colors, represents results for various grid resolutions. The black dashed line at the top corresponds to the maximum
theoretical N̄I given by ln( 1

P0
), while the black dashed line at the bottom represents the minimum theretical value 1− P0. The

sky blue line indicates the N̄I reported by Mohammadian Bajgiran et al (2019). The red dashed line marks the value of T that
reproduces the reported N̄I at a resolution of 1 mm. The green dot-dashed line represents the value of T that defines the midpoint
of the transition between the two distinct tumor configuration states. The x-axis is displayed on a logarithmic scale.

consistency with theoretical expectations. We then assess the model’s ability to fit empirical MTP data
reported in the literature and evaluate its capacity to reproduce observed patterns.

3.1. Prostate simulations
The simulations generated in the prostate patient showed that N̄I transition with T(q,N). Notably, this
characteristic does not depend on the grid resolution selected for the simulation (figure 6).

The maximum N̄I obtained from the simulations occurs when voxel states are nearly uncorrelated
(T≈ 0), aligning with the theoretical value of ln(1/P0) = 1.43. Conversely, the minimum N̄I is observed
when voxel states are almost fully correlated (T→∞), yielding 1− P0 = 0.76. Notably, T(q,N) = 0.2
appears to define the midpoint of this transition, while the N̄I reported in the literature closely matches
our model’s predictions at T(q,N) = 0.6.

The distribution of islet volumes for three different values of T exhibited distinct patterns
(figure 7(c)). When T is in the region where voxel states are nearly uncorrelated (T⩽ 10−4), the gener-
ated islets remain small (∼ 100mm3) as the model fails to cluster many voxels together. As T approaches
the middle of the transition (T≈ 10−1), voxel clustering increases, leading to larger islets. In this regime,
a fraction of the islets can cluster to fill the entire sampling space, corresponding to the volume of the
prostate. When T approximates the regime where voxel states are fully correlated (T⩾ 101), the islets
predominantly cluster, filling the entire sampling space.

V̄T exhibited a direct relationship with T(q,N) and remained independent of grid resolution
(figure 7(d)). When T(q,N) ∈ [10−4,10−1], the model produced V̄T values within the expected range
reported by Mohammadian Bajgiran et al (2019). Notably, at T(q,N) = 0.02, the simulations yielded an
V̄T of 583mm3, matching the literature estimate. Similar trends were observed for V̄I (appendix E).

Since V̄T incorporates information from both N̄I and V̄I, we examined tumor configurations at
T(q,N) = 0.02. At this value, the marginal probability of MTP was p= 0.028 (figure 8(a)), and simu-
lations indicated that MTP was absent in 23.8% of cases. Although the marginal probability was low, the
simulations still produced cases with significant MTP volumes. Figure 8 illustrates a range of representat-
ive tumor configurations:

(b) A realization with a single islet of 429mm3, approximately close to the literature-reported mean VT.
(c) A realization with a small islet of 1mm3, near the 5th percentile of the reported VT distribution.
(d) A realization with an islet of 1849mm3, near the 95th percentile of the reported VT distribution.
(e) An outlier case in which the tumor has infiltrated the entire prostate.

Furthermore, the simulated tumor islets did not exhibit any preferred orientation relative to the GTV
boundaries (figures 8(b)–(e)).

3.2. Breast simulations
For different values of q, the optimization process determined the marginal probabilities of the lay-
ers, {p̂1, . . . , p̂12}, that generated the 1−µi that best matched the wi values reported in the literature
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Figure 7. Dependence of MTP volume on T(q,N). (a)–(c) Distributions of islet volumes for three representative T values at
1 mm resolution: (a) T= 10−4 (weak correlation, red), (b) T= 0.2 (moderate correlation, blue), and (c) T= 5 (strong correla-
tion, red). (d) Simulated V̄T across varying grid resolutions and T values. The solid blue line denotes the V̄T reported by Bajgira
et al, while the dashed blue lines indicate the 5th and 95th percentiles of the average total microscopic tumor volume per patient
reported in Mohammadian Bajgiran et al (2019). All axes are shown on a logarithmic scale.

Figure 8.Microscopic tumor realizations generated for a prostate cancer patient. (a) The color map represents the CTM com-
puted using the constant marginal probability model described in section 2.4, overlaid on the diagnostic MRI. The blue contour
delineates the anatomical barrier considered in the MTP simulation-the prostate-while the red contour outlines the GTV. (b)–(e)
Different 3D realizations of MTP generated using a 1 mm resolution grid with T(q,N) = 0.02. The blue structure represents the
prostate, the reddish/purple structure corresponds to the GTV, and the yellowish/greenish regions depict the microscopic tumor
simulated with our model. Specifically, (b) a realization with a single islet of 429mm3, approximately close to the literature-
reported mean VT; (c) a realization with a small islet of 1mm3, near the 5th percentile of the reported VT distribution; (d) a
realization with an islet of 1849mm3, near the 95th percentile of the reported VT distribution; and (e) an outlier case in which the
tumor has infiltrated the entire prostate.
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Figure 9. Estimation of marginal probabilities by solving the optimization problem described in equation (13). (a) A representat-
ive example (q= 0.99999) illustrating how well µi approximates wi for the optimized marginal probabilities. Blue dots represent
µi, while orange dots correspond to wi. The background shading highlights the layer boundaries, with green and red indicating
the extent of each layer, starting with layer 1 on the left. (b) Marginal probability estimated for each layer across different values
of q.

Figure 10. Probability density function (PDF) of the radial positions of microscopic tumor islets measured from the boundary
of the GTV for breast and lung cancer cases. The scatter plots represent simulation results generated using our VMP model. The
red line corresponds to the empirical function fitted by Stroom et al based on their observations of the radial distribution of
microscopic tumor islets (Stroom et al 2014).

(figure 9(a)). The results show that the marginal probabilities satisfy p̂1 ⩾ p̂2 ⩾ · · ·⩾ p̂12 for all values
of q except when q is approaching zero. Similar to the prostate case, the marginal probability decreases
when q→ 0 (figure 9(b)).

The simulations performed on the breast cancer patient showed that our model can not generate the
N̄I reported in Stroom et al (2014) for any value of q. The maximum N̄I in our simulations was 1.3 and
was achieved at q = 0.999. On the other hand, the estimated V̄T obtained from Stroom et al can be gen-
erated with the simulations when q= 0.975 (appendix F) (Stroom et al 2014). The relation between V̄T

and q follows a similar trend to the one observed in the prostate case, the microscopic tumor volume
increases when the voxel states are more correlated. However, the microscopic tumor volume gener-
ated were one order of magnitude smaller when compared to the prostate case. Similar results were also
observed for V̄I.

Since V̄T encapsulates information about both N̄I and V̄I, we analyzed the properties of the tumor
configurations obtained from simulations with q= 0.997. These simulations revealed that the mean
distance between the geometric center of the islets and the nearest GTV boundary followed a distri-
bution similar to gaussian distribution with mean 0mm and variance 7mm2 reported in Stroom et al
(figure 10(a)) (Stroom et al 2014). The R2 between our simulations and the function reported in the
paper is 0.84 and the mean absolute error (MAE) is 0.01.
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Figure 11. CTM and microscopic tumor realizations generated for a breast cancer patient. (a) The color map displays the MTP
marginal probability calculated using the VMP model described in section 2.5, overlaid on the diagnostic MRI. The blue contour
represents the simulation space, accounting for anatomical barriers, the red contour outlines the GTV, and the black contour
outlines the isoprobability shell 0.05. (b)–(e) Different 3D realizations of MTP generated using a 2mm resolution grid and a
setting of q= 0.975. The blue structure represents the sampling space, the reddish/purple structure corresponds to the GTV, and
the yellowish/greenish regions depict the microscopic tumor realizations simulated with our model. Specifically, (b) a realization
with a volume approximately close to the mean of the VT distribution, with VT = 162mm3; (c) a single voxel corresponding to
a realization near the 5th percentile of the VT distribution, with VT = 8mm3; (d) a realization near the 95th percentile of the VT

distribution, with VT = 552mm3; and (e) an outlier case with an exceptionally large tumor volume (VT = 1504mm3).

The CTM demonstrated a radial dependence on distance from the GTV border, with probabilities
decreasing for voxels located farther from the target (figure 11(a)). The maximum marginal probability
in the CTM was 0.007, occurring in the first layer. Using µ, we determined the distance beyond which
the probability of finding any tumor voxel drops below 0.05, which was 20 mm. The isotropic expan-
sion of the GTV with this distance represents the isoprobability shell 0.05. It can be noticed that this
isoprobaiblity shell is smaller that than CTM.

Because the marginal probability decreases with increasing distance from the GTV, the simulations
indicated that tumor islets preferentially clustered near the GTV boundary. Figures 11(b)–(e) presents
representative tumor configurations:

(a) A realization with a volume approximately close to the mean of the VT distribution, with
VT = 162mm3.

(b) A realization near the 5th percentile of the VT distribution, with VT = 8mm3.
(c) A realization near the 95th percentile of the VT distribution, with VT = 552mm3.
(d) An outlier case with an exceptionally large tumor volume, with VT = 1504mm3.

The simulations also showed that MTP was absent in 28.7% of the cases, and that the tumor islets
frequently exhibited irregular, non-spherical shapes. In some realizations, streak-like MTP patterns were
observed, similar to those illustrated in figure 11(d). Moreover, no tested value of q resulted in an MTP
distribution that fully occupied the sampling domain.

3.3. Lung simulations
Similar to the breast cancer patient, the marginal probabilities across layers satisfy p1 ⩾ p2 ⩾ · · ·⩾ p12
when voxel correlations are present, with probabilities decreasing as q decreases. It was also observed that
the model was unable to replicate the N̄I reported by Stroom et al (2014). While their study reported an
N̄I of 2.47, the highest value obtained in our simulations was only 0.70.

Nevertheless, when setting q= 0.89, the simulated V̄T matched the estimate from Stroom et al
(appendix G) (Stroom et al 2014). Under this condition, 10 000 simulations showed that the distribution
of islets as a function of their distance from the GTV followed a trend similar to that reported in their
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Figure 12. CTM and microscopic tumor realizations generated for a lung cancer patient. (a) The color map displays the MTP
marginal probability calculated using the VMP model described in section 2.5, overlaid on the diagnostic CT. The blue contour
represents the simulation space, accounting for anatomical barriers, the red contour outlines the GTV, and the black contour
outlines the isoprobability shell 0.05 generated from the simulations. (b)–(e) Different 3D realizations of MTP generated using
a 2 mm resolution grid and a setting of q= 0.89. The blue structure represents the sampling space, the reddish/purple structure
corresponds to the GTV, and the yellowish/greenish regions depict the microscopic tumor realizations simulated with our model.
Specifically, (b) a realization with a volume approximately close to the mean of the VT distribution (VT = 82mm3); (c) a single
voxel that corresponds to a realization near the 5th percentile of the VT distribution (VT = 8mm3); (d) a realization near the
95th percentile of the VT distribution (VT = 320mm3); and (e) an outlier case with an exceptionally large tumor volume (VT =
6616mm3).

study. However, the agreement was less strong than in the breast cancer case (figure 10(b)), as indicated
by an R2 of 0.63 and a MAE of 0.011 between our simulations and the function used in the paper.

The CTM reached a maximum marginal probability of 0.00 014 and gradually decreased beyond the
GTV boundary, with several layers exhibiting similar marginal probabilities (figure 12(a)). Despite the
low marginal probabilities, the 0.05 isoprobability shell derived from the simulations extended 17 mm
beyond the GTV boundary. The simulations also revealed the presence of small islets clustered near the
GTV border. Figures 12(b)–(e) shows representative tumor configurations:

(a) A realization with a volume approximately close to the mean of the VT distribution, with
VT = 82mm3.

(b) A realization near the 5th percentile of the VT distribution, with VT = 8mm3.
(c) A realization near the 95th percentile of the VT distribution, with VT = 320mm3.
(d) An outlier case with an exceptionally large tumor volume, with VT = 6616mm3.

The simulated islet volumes were consistently smaller than the GTV, and their shapes often displayed
irregular, non-spherical shapes. In some realizations, streak-like MTP patterns were observed, similar to
those illustrated in figure 12(e).

4. Discussion

The questions raised in the ICRU 83 report, as discussed in the introduction, highlight the necessity of
clear statistical definitions and practical methods for incorporating probabilities into target definition
and radiotherapy treatment planning (International Commission on Radiation Units and Measurements
2010). In particular, the first question-how to define the ‘probability of occurrence’ of tumor infiltra-
tion in a given tissue from a statistical perspective-can be directly addressed using the stochastic model
presented in this work.
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Our model provides a rigorous framework to estimate the probability of specific tumor config-
urations by computing the joint probability distribution or by employing Monte Carlo simulations.
Through these simulations, various realizations of MTP can be generated, and the probability of tumor
presence in a given volume can be estimated as the fraction of simulations in which MTP occurs within
that region.

The second question-on what clinical evidence these probabilities should be based-remains a chal-
lenge. In this study, available data consisted of population-based analyzes that provide averages and
standard deviations of microscopic tumor characteristics, such as islet radii, the percentage of patients
with MTP, and the number of islets (Schmitz et al 2010, van Loon et al 2012, Stroom et al 2014, Fedorov
et al 2016). While this data allow for the calibration of our stochastic model, more detailed information,
including tumor staging and three-dimensional histopathological reconstructions, could enable more pre-
cise calibration. In particular, 3D histological reconstructions of MTP samples could be used to optim-
ize the model parameters through maximum likelihood estimation, providing a more robust statistical
foundation for our approach.

Finally, the third question-how to translate probabilities assigned to tissues into discretized grids for
treatment planning-has been partially addressed in the literature. For instance, Bortfeld et al demon-
strated how microscopic tumor probabilities can be integrated with TCP in the treatment planning pro-
cess (Bortfeld et al 2021). Although their approach is computationally intensive, even for simplified mod-
els, it demonstrates the feasibility of incorporating probabilistic information into treatment optimiza-
tion. However, to date, all models that incorporate probability during optimization rely solely on the
clinical target map (CTM), neglecting voxel correlation. These models incorporated target uncertainty
into treatment planning by using CTMs as weighting factors in the optimization loss function (Buti
et al 2021, Bengtsson et al 2023, Smolders et al 2024), this approach may result in underdosing regions
where the actual risk of MTP exceeds 0.05. For instance, applying this method with the CTMs gener-
ated in our simulations would likely underdose the entire region outside the GTV, since the marginal
voxel-level probabilities were all below 0.028 in the three cancer patients. However, the isoprobability
surface defined at 0.05 corresponds to a much larger combined probability-where the true probability
of MTP can reach values as high as 0.95. Consequently, relying only on marginal probabilities would
lead to insufficient dose coverage. This underscores the importance of accounting for voxel correla-
tions to ensure adequate target coverage during treatment optimization. It is also worth noting that,
despite the relatively small marginal probabilities predicted by our models, the isoprobability shell at
0.05 still extends a considerable distance from the GTV border in the breast and lung cases. This occurs
because the shell reflects the probability of detecting at least one tumor cell outside of the entire volume
it encloses, rather than the probability at any single voxel.

Building on this motivation, a further way in which the probabilities generated by our stochastic
model can support treatment planning is through the definition of non-isotropic CTVs in Euclidean
space. If the CTV is defined as the volume that encompasses a given percentage of MTP realizations,
our approach enables the exploration of all CTV shapes that satisfy this criterion by analyzing a large
ensemble of simulations. Although these candidate CTVs correspond to isotropic expansions in the MTP
probability space, their spatial manifestations in Euclidean space can become non-isotropic. This feature
could be exploited in situations where conventional margin approaches, which typically rely on binary
targets, are desired but the proximity of OARs to the GTV creates trade-offs between target coverage
and OAR sparing. In such cases, one would prefer CTVs that carve out the OAR for preferential sparing,
while extending farther in directions where compromise is less severe. We note that similar anisotropic
solutions naturally arise in the dose space under probabilistic optimization, where the optimizer con-
centrates dose in regions with higher MTP probability while sacrificing other small, lower probability
regions, in order to achieve the OAR constraints (Bortfeld et al 2021, Buti et al 2023).

The models developed in this work provide a framework for capturing voxel correlations while gen-
erating probabilistic results consistent with clinical observations reported in the literature. In the con-
stant marginal probability model, this consistency is enforced by imposing a hard constraint that the
parameter P0 matches the observed probability of detecting MTP in a patient. In the VMP model, we
ensure consistency by requiring that one minus the probability of all voxels outside the i-th shell being
tumor-free, 1−µi , corresponds to the probability of detecting MTP beyond the i-th shell, denoted as
wi . Moreover, our models explain how variations in voxel correlation influence the selection of the mar-
ginal probabilities assigned to individual voxels, thereby affecting the likelihood of different tumor con-
figuration states. This behavior could have important implications for treatment planning. By enabling
the calculation of joint probabilities, our models offer a principled way to better guide the target-OARs
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compromise through the assessment of the probability of finding MTP near an OAR. They can also sup-
port more accurate probabilistic robust evaluations by allowing the sampling of spatially realistic tumor
configurations.

In addition to these practical applications, the models offer structural advantages that further
enhance their usability and relevance. One of the most significant benefits is the limited number of tun-
able parameters, each grounded in sound statistical reasoning. This structure facilitates straightforward
calibration using clinical data. The constant marginal probability model, for example, is defined by only
two parameters, P0 and T. The parameter P0 is directly linked to the proportion of patients without
MTP, allowing for immediate initialization based on available data. This, in turn, simplifies the tuning
of T, as it remains the only free parameter in the model. A similar advantage is observed in the VMP
model, where the probability of tumor presence beyond a given distance from the GTV, w(r), is used to
determine p1, . . . ,pN ′ . The remaining parameter, q, is then calibrated to align with clinical observations,
maintaining the model’s adaptability while keeping it interpretable. The calibrated parameters that resul-
ted from our study were T= 0.02, q= 0.997, and q= 0.89 for the prostate, breast, and lung cancer cases,
respectively. Notably, these values lie well within the admissible parameter ranges, which explains why
the resulting realizations display intermediate clustering behavior-neither isolated voxels nor entirely solid
regions of MTP.

The parameter T reported in our study is not patient-specific, as it is defined independently of the
total number of voxels in the prostate and calibrated to reproduce population-based MTP metrics. In
contrast, the VMP model requires patient-specific calibration of q, since the probability of finding MTP
in a given layer depends on the number of voxels within that layer. As detailed in the Methods section,
T and q regulate the extent to which tumor voxels cluster together. From a biological perspective, these
parameters can be interpreted as indicators of tumor aggressiveness, as they determine both the number
and size of microscopic tumor islets (figures 6 and 7(b)).

Our models naturally converge to previously established MTP models under specific conditions.
The VMP model described in this work reduces to the model presented by Shusharina et al as q→ 0
(Shusharina et al 2018). In the 1D case, it also converges to the model proposed by Buti et al as q→ 1
(Buti et al 2021), since Buti’s model is fundamentally one-dimensional, assuming isotropy in the radial
direction. Unlike these earlier models, our approach can also capture intermediate regimes, where voxels
are neither fully independent nor fully correlated, i.e. a mixed correlation state. This was observed as the
realizations in all the three cancer cases were clusters of many voxels of MTP rather than a single voxel.
Beyond parameter calibration, the simplicity of our model’s growing pattern also facilitates the compu-
tation of the joint probability of different tumor configurations. As outlined in the Methods section, the
joint probability of a specific tumor configuration can be determined using Bayes’ theorem, provided
that the starting growing voxel is known.

While a model with few parameters offers certain advantages, it also has inherent limitations, partic-
ularly its reduced flexibility in simultaneously capturing multiple microscopic tumor properties. This is
evident in the three patient cases: for prostate simulations, T= 0.6 generated realizations that matched
the reported N̄I but not V̄T, whereas T= 0.02 matched V̄T but not the N̄I. Similar discrepancies were
observed in the breast and lung simulations. These examples illustrate that, although the model provides
a reasonable first-order approximation, it cannot perfectly reproduce all tumor metrics simultaneously.
Introducing additional parameters could potentially improve the simultaneous fitting of different micro-
scopic tumor features; however, the limited availability of reliable MTP data from histopathology studies
poses significant challenges for calibrating more complex, multi-parameter models.

Another limitation of our approach lies in its dependence on the specific sampling algorithm illus-
trated in figure 2. The algorithm tends to favor growth along the principal axes (x, y, z) originating
from the randomly selected seed voxel. This can lead to the appearance of ‘streaks’ structures in some
realizations (as observed, for example, in figures 11(d) and 12(e)), resulting from stronger voxel-to-
voxel Pearson correlations along the grid axes compared to off-axis directions. Consequently, alternat-
ive sampling strategies, such as incorporating second-order neighborhoods, adopting non-axial growth
geometries, or varying the correlation parameter across voxels, could produce realizations with different
spatial patterns or morphologies.

It is important to note that our model was primarily designed to reproduce population-level charac-
teristics of MTP reported in the literature, such as the total microscopic tumor volume and the number
of tumor islets, both of which are independent of the specific tumor shape. Generating more anatom-
ically realistic spatial patterns would require voxel-level tumor infiltration data from histopathology to
more accurately calibrate spatial correlations. However, such detailed data are currently very difficult to
obtain and were not available for this study.
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In comparison with the work of Stroom et al who proposed a CTV margin calculation formula based
on the standard deviation of the islet distribution and a correction factor derived from radiotherapy sim-
ulations, our approach provides an alternative, data-driven perspective. Although we do not introduce an
explicit analytical expression for margin estimation, the CTV margin naturally emerges from our model
as the isotropic expansion of the GTV that encloses 95% of the simulated MTP realizations. Applying
this approach yields CTV margins of 20 mm for breast cancer and 17 mm for lung cancer, which are
in the order of magnitude to the margins predicted by the Stroom formula (15.4 mm and 22.6 mm,
respectively). The remaining differences of approximately 5 mm can reasonably be attributed to the dis-
tinct underlying assumptions of the two methods.

Future work will focus on integrating both the CTM and voxel correlation information into the
treatment planning process to enable probabilistically robust treatment strategies. Additionally, we aim to
investigate more physically grounded models, such as the Ising model and its variants, to further refine
the representation of microscopic tumor spread and improve the accuracy of treatment optimization
(Torquato 2011, Amoudruz et al 2025).

5. Conclusion

In this study, we developed two first-principles stochastic models to simulate MTP under different
assumptions, incorporating a correlation factor to account for spatial dependencies between neighbor-
ing voxels. This approach enables a more realistic representation of tumor infiltration patterns compared
to existing methods. By leveraging these models, we can estimate both the marginal probability of MTP
and the joint probability of different tumor configurations, providing a complete probabilistic descrip-
tion of MTP. Our simulations reproduced key features of microscopic tumor extension reported for pro-
state, breast, and lung cancers, effectively capturing their distinct spatial patterns.

Importantly, our findings highlight the limitations of using marginal probabilities alone as weights
in treatment optimization and emphasize the necessity of incorporating voxel correlations to properly
account for spatial uncertainty. This work lays the foundation for integrating probabilistic modeling into
the description of MTP, with potential implications for improving radiotherapy treatment planning.
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Appendix A. Relation of Pearson correlation coefficient with parameter q

Given a 2D grid with 9 elements, where each voxel has the same marginal probability p (figure 13), the
Pearson correlation coefficient between two neighbor voxels, C8 and C9, is defined as:

ρC8,C9 =
E [C8C9]−E [C8]E [C9]√

E [C2
8]− (E [C8])

2
√

E [C2
9]− (E [C9])

2
. (14)

Because the state of each voxel is Bernoulli distributed, E[C8] = E[C2
8] = E[C9] = E[C2

9] = p. Therefore,

ρC8,C9 =
E [C8C9]− p2

p− p2
. (15)

The key challenge is determining E[C8C9]. Since our method involves randomly selecting a voxel in
the grid as the initial growth point, the expectation is computed by averaging over all possible starting
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Figure 13. 2D 9-voxel grid with a uniform marginal probability distribution. The left image labels each voxel with its correspond-
ing random variable, while the right image illustrates the marginal probability assigned to each voxel.

voxels. Let Ei[C8C9] denote the expected value given that the growth starts at voxel i. Then, the overall
expectation is:

E [C8C9] =
1

9

9∑
i=1

Ei [C8C9] =
1

9

9∑
i=1

∑
all states

c8c9Pi (state) , (16)

where Pi(state) represents the joint probability of a particular state given that voxel i was the starting
point. By introducing equation (16) in equation (15), we obtain:

ρC8,C9 =
1

9

9∑
i=1

(ρC8,C9)i , (17)

where (ρC8,C9)i is the Pearson correlation coefficient between C8 and C9, considering voxel i as the start-
ing point. Each (ρC8,C9)i can be expressed as a weighted sum of different powers of the correlation factor
q. For instance:

(ρC8,C9)7 = q,

(ρC8,C9)5 =
1

2

(
q+ q3

)
,

(ρC8,C9)4 =
1

2

(
q+

1

2
q3 +

1

2
q5
)
,

(ρC8,C9)1 =
1

2

(
q+

1

3
q3 +

1

3
q5 +

1

3
q7
)
.

A key observation is that the closer the starting voxel is to the voxels whose correlation is being
assessed, the smaller the exponent of q. This behavior arises from the design of the visiting algorithm.
Additionally, in each case, the coefficients multiplying q sum to 1, ensuring that when q= 1, the Pearson
correlation coefficient equals 1, as expected.

Although this example is presented in 2D, the same visiting rules apply in 3D, making these results
generalizable. Then, we can express the correlation coefficient between two neighboring voxels as:

ρ=
∞∑
n=1

anq
2n−1, (18)

where an are coefficients that satisfy:

∞∑
n=1

an = 1. (19)

Note that the magnitude of an will depend on the size of the grid and the pair of voxels that we
want to assess the correlation.

Appendix B. Taylor series approximation of equation (6)

To approximate equation (6) using a Taylor series, we first rewrite it as:(
P0

1− p

) 1
N−1

= 1− p+ pq. (20)
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Assuming that the number of voxels N is large and thus x= 1
N−1 is small, we expand the term(

P0
1−p

)x
in a Taylor series of x around x= 0:

∞∑
n=0

[(
ln

P0
1− p

)n 1

n!
xn
]
= 1− p+ pq. (21)

By neglecting terms of the series with orders n= 2 and higher, we obtain:

1+

(
ln

P0
1− p

)
x≈ 1− p+ pq. (22)

After re-inserting x= 1
N−1 , this leads to

P0
1− p

≈ e−(N−1)(1−q)p. (23)

Finally, since N is assumed to be large, we approximate N − 1 as N in the exponential term, resulting
in:

P0
1− p

≈ e−N(1−q)p. (24)

Appendix C. Conditional probability VMPmodel

Consider a 1D grid (figure 4(a)) where each voxel follows the non-tunneling assumption. For two neigh-
boring voxels, Ci and Ck, with marginal probabilities pi and pk such that pi ⩾ pk, the conditional prob-
abilities are defined as:

P(Ck = 1 | Ci = 1) = aq+(1− q)pk,

P(Ck = 1 | Ci = 0) = (1− q)pk,

P(Ci = 1 | Ck = 1) = q+(1− q)pi,

P(Ci = 1 | Ck = 0) = bq+(1− q)pi.

(25)

Here, a and b are scalar factors that modulate the probability of copying or flipping the state of the
neighboring voxel.

To determine a and b, we use the expectation constraints:

E [Ci] = pi, E [Ck] = pk. (26)

Expanding these expectations:

pk =
1

2
(pk + pi (aq+(1− q)pk)+ (1− pi)(1− q)pk) , (27)

pi =
1

2
(pi + pk (q+(1− q)pi )+ (1− pk)(bq+(1− q)pi )) . (28)

Solving for a and b, we obtain:

a=
pk
pi
, b=

pi − pk
1− pk

. (29)

These values ensure that the marginal probabilities remain consistent across the system.
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Table 3. Summary of variables and values used in the appendix.

Symbol Definition Value

Npatients Total number of patients 518
NT Total number of missed tumors 563
Ni Number of missed index tumors 111
Nj Number of missed islet tumors (NT −Ni) 452
µT Mean radius of missed tumors 9.4mm
µi Mean radius of missed index tumors 15.8mm
µj Mean radius of missed islet tumors to be calculated
σT Std. dev. of missed tumors 0.72mm
σi Std. dev. of missed index tumors 8.8mm
σj Std. dev. of missed islet tumors to be calculated

Appendix D. Data calculated from Bajgira et al

In this section, we describe how the prostate cancer population data from Mohammadian Bajgiran et al
(2019) was obtained and processed for our analysis.

Patient and Tumor Classification
Table 1 of their study reports histologic findings for 518 patients who underwent multiparametric MRI
followed by prostatectomy. Tumors in their paper can be classified into:

1. Index tumors (i): the main lesion in each patient, defined as the tumor with the highest Gleason
Score. For the purpose of our analysis, these were identified as the GTVs.

2. Islet tumors (j): additional lesions with lower Gleason Score, considered multifocal satellites of the
index tumor.

3. Total tumors (T): the full set of index and islet tumors.

The study also distinguishes between lesions detected by MRI and those that were missed but later
identified by histopathology.

Notation and Data Summary
For clarity, we define below the notation and numerical values extracted from Mohammadian Bajgiran
et al (2019), which are used throughout this appendix.

Proportion of PatientsWithout Microscopic Disease
Among the 518 patients, 396 presented multifocal disease (i.e. one or more islet tumors in addition to
the index tumor). If we assume that every multifocal case includes at least one MRI-invisible lesion, the
probability of a patient having no microscopic multifocal disease is estimated as:

P0 = 1− 396

518
= 0.28.

This assumption is supported by the observation that of the

567= 1085︸︷︷︸
Total tumors

− 518︸︷︷︸
Index tumors

islet tumors, only

115= 522︸︷︷︸
Detected tumors

− 407︸︷︷︸
Detected index tumors

were detected by MRI, meaning the majority were invisible.

Average Number of Missed Islet Tumors
The average number of missed islet tumors per patient is

NT −Ni

Npatients
.
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Substituting the reported values:

563− 111

518
= 0.87.

Average Radius of Missed Islet Tumors
The mean radius of missed islet tumors is obtained from the weighted difference:

µj =
µT ·NT −µi ·Ni

Nj
.

Substituting the reported values:

µj =
9.4mm · 563− 15.8mm · 111

452
= 7.82mm.

Standard deviation of missed islet tumors
We derive σj from first principles, starting with sums of squares.

Let the observed radii of the NT missed tumors be x1, . . . ,xNT . Partition the indices so that the first
Ni are the missed index tumors and the remaining Nj are the missed islet tumors (with NT = Ni +Nj).
Then the total sum of squares splits as

NT∑
n=1

x2n =
Ni∑
n=0

x2n +
NT∑

n=Ni

x2n.

Divide both sides by NT to obtain the total second moment:

1

NT

NT∑
n=1

x2n =
1

NT

Ni∑
n=0

x2n +
1

NT

NT∑
n=Ni

x2n.

Recognizing subgroup averages,

E
[
X2
]
T
=

Ni

NT

(
1

Ni

Ni∑
n=0

x2n

)
+

Nj

NT

(
1

Nj

NT∑
n=Ni

x2n

)
,

so

E
[
X2
]
T
=

NiE
[
X2
]
i
+NjE

[
X2
]
j

NT
.

Using E[X2]k = σ2
k +µ2

k for k ∈ {T, i, j} gives

σ2
T +µ2

T =
Ni

(
σ2
i +µ2

i

)
+Nj

(
σ2
j +µ2

j

)
NT

.

Solving for σj yields the population-standard deviation expression

σj =

√
NT (σ2

T +µ2
T)−Ni (σ2

i +µ2
i )

Nj
−µ2

j .

by replacing the values from table 3 we obtained σj = 5.76mm

Average islet volume calculation
To estimate the average volume of tumor islets (V̄I), we modeled their radius as a random variable

r∼N
(
µj,σj

)
,

where µj and σj are the mean and standard deviation of the islet radius obtained in the previous sub-
section. Since tumor radii cannot be negative, we applied a truncated normal distribution restricted to
r> 0. Assuming spherical geometry, the volume of an islet is

V=
4

3
π r3.
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Figure 14. Simulated V̄I for the prostate case across different grid resolutions and values of T(q,N). Each color represents a differ-
ent grid resolution. The solid blue line indicates the V̄I reported by Bajgira et al while the dashed black lines correspond to the 5th
and 95th quantiles estimated fromMohammadian Bajgiran et al (2019). The red dashed line marks the value of T that produces
the V̄I reported in Mohammadian Bajgiran et al (2019). Both axes are in logarithmic scale.

Figure 15. V̄T simulated using a grid resolution of 2 mm for the breast cancer case. The skyblue dash line shows the V̄T =
162mm3 estimated from Stroom et al and the red dashed line shows the value of q needed to replicate that result by doing sim-
ulations (Stroom et al 2014).

We generated a large sample of radii from the truncated normal distribution, computed the corres-
ponding spherical volumes, and summarized the resulting distribution. The estimated population mean
volume was

E [V]≈ 513mm3,

with the 5th and 95th percentiles at 1mm3 and 2024mm3, respectively, providing an empirical 90%
interval for the islet volumes.

Average total microscopic tumor volume
The average total microscopic tumor volume (V̄T) per multifocal patient was calculated by multiplying
V̄I by the average number of islets per patient:

V̄T = V̄I ×
Nj

Nmultifocal patients
= 513mm3 × 452

396
≈ 584mm3.

Similarly, the 5th and 95th percentiles of the V̄T distribution were obtained by scaling the corres-
ponding percentiles of V̄I distribution by the same factor:

V5% ≈ 1mm3 × 1.14≈ 1.14mm3, V95% ≈ 2024mm3 × 1.14≈ 2307mm3.

Thus, the V̄T provides an estimate of the total microscopic tumor burden from islets in multifocal
patients, with an empirical 90% interval of approximately 1–2307 mm3.
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Figure 16. V̄T simulated in the lung case using a grid resolution of 2 mm. The skyblue dash line shows the V̄T = 82mm3 estim-
ated from Stroom et al and the red dashed line shows the value of q needed to replicate that result by doing simulations (Stroom
et al 2014).

Appendix E. Prostate simulation results

In this section we show the simulations of the average islet volume (V̄I) for the prostate patient
(figure 14).

Appendix F. Breast simulation results

In this section we show the simulations of the average total microscopic tumor volume (V̄T) for the
breast patient (figure 15).

Appendix G. Lung simulations results

In this section we show the simulations of the average total microscopic tumor volume (V̄T) for the lung
patient (figure 16).
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